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Tém tat. Trong bai viét nay, ching toi thiét lap dinh li diém bat dong cho hai dnh
za tron yéu trén khong gian kiéu-métric ma khong can tinh lien tuc cia kiéu-métric.
Cédc két qua nay la cdi tién cic két qua trong [7] trén khong gian ki€u-métric.

1 MGa dau

Nam 2011, Akkouchi [2] da gi6i thi¢u dinh Ii diém bat dong cho cac anh xa tron
yéu trén khong gian métric. Gan day, cac két qua nay da dugc nghién ciu trén
khong gian kiéu-métric [7]. Tuy nhién, gid thiét clia dinh If can diéu kien lien tuc
ctia kidu-métric. Trong bai viét nay, ching toi cai tién cac két qua trong [7] trén
khong gian kiéu-métric bang cach giam bét gia thiét lien tuc ctia kicu-métric.

Trude hét, ching toi trinh bay mot s6 khai niem va két qua bo trg cho noi dung
chinh ctia bai viét.

Dinh nghia 1.1 ([6], Definition 2.7). Cho X la tap khac réng, K > 1 va ham
D: X x X —[0,400) sao cho v6i moi x,y,y1,Y2,- -+, Yn, 2 € X,

(1) D(x,y) = 0 khi va chi khi z = y.

(2) D(z,y) = D(y, ).

(3) D(x,2) < K[D(x,y1) + D(y1,y2) + - + D(Yn, 2)].

Kh} d6 D duge goi 1a kiéu-métric tren X va (X, D, K) dugc goi 1a khong gian
kiéu-meétric.

Dinh nghia 1.2 ([6]). Cho (X, D, K) 1a khong gian kiéu-métric.

(1) Day {z,} trong X dugc goi 1a hoi tu dén x € X, ki hieu z,, — x hay lim =z, =

n—-+o0o

r, néu liril D(x,,x) = 0. Khi d6 x dugc goi 1a diém gidi han cta day {z,}.
n—-+0oo

(2) Day {z,} trong X dugc goi la day Cauchy néu lim  D(x,,z,,) = 0.

n,m—-+00

(3) Khong gian (X, D, K) dugc goi 1a day di néu mdi day Cauchy 1a mot day hoi
tu.

B6 dé 1.3. Cho (X, D, K) la khong gian kiéu-meétric va {x,}, {y.} la hai day trong

X thoa man lim xz, =a va lim vy, =b. Khi do,
n—-+00 n—-+00

1
1. ?D(a, b) < liminf D(x,,y,) < limsup D(z,,y,) < KD(a,b).

n—+00 n—+o0o

1
2. ED(a,y) < liminf D(z,,y) < limsup D(z,,y) < KD(a,y), vdi moiy € X.

n—+00 n——+00
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Chaing minh. (1) V6i moi n € N, ta c6 cac bat dang thiic sau

D(a,b) < K[D(a,xn) + D(2y, Yn) + D(Yn, b)} vy

D(n,yn) < K [D(g;n, a) + D(a,b) + D(b, yn)] .

T d6 suy ra D(a,b) < Kliminf D(x,,y,) va limsup D(z,,y,) < KD(a,b). Vay

n—+00 n—+00
1
—D(a,b) < liminf D(x,,y,) < limsup D(z,,y,) < KD(a,b).
K n—+00 n—-+00
(2) Ching minh tuong tu. O
Dinh nghia 1.4 ([3]). Cho tap X khéc rong va hai &nh xa S, T : X — X.
1. Diém z € X dugc goi la diém tring cia S va T néu Tz = Sx.

2. Diém y € X dugc goi la gid tri trung ctia S va T néu ton tai diém tring z € X
cua S va T sao cho y =Tx = Sx.

3. Hai anh xa S va T dugc goi 1a tuong thich yéu ngau nhién néu ton tai x € X
la diém tring ciia S va T va STz = T'Sz.

Bo6 dé 1.5 ([5]). Cho X la tap khdc rong va S, T la hai anh wa tuong thich yéu ngau
nhién trén tap X. Khi dé, néu S va T c6 duy nhat mot gia tri trung w = Sz = Tx
thy w la diém bat dong chung duy nhéat cia S va T.

B6 dé 1.6 ([7], B6 dé 1.10). Cho (X, D, K) la khong gian kiéu-métric va {x,}, {yn}
la hai day trong X. Néu {xz,} la day Cauchy va hrf D(xn,yn) = 0 thi {y,} la day
n——+0o0

Cauchy. Hon nita, néu x, — z thi y, — z.

Dinh nghia 1.7 ([7], Dinh nghia 2.1). Cho (X, D, K) la khong gian kiéu-métric va
F. T : X — X la hai anh xa. Khi do

(1) FvaT dugc goila tron yéu néu ton tai day {z, } trong X sao cho lim D(Fx,,Tz,) =

n—oo
0.

(2) Bai toan diém bat dong chung ctia {F, T} dugc goi la dat chinh néu

(a) F va T c¢6 duy nhat diém bat dong chung x trong X, tic 13, ton tai duy
nhat diéem x € X sao cho Fo = Tx = x.

(b) V6i mdi day {x,} trong X, néu lim D(x,, Fz,)=0= lim D(z,, Tz,)

n—-+oo n—-+o0o
thi lim D(z,,z)=0.
n—-+00

2 Két qua chinh

Dinh 1i 2.1. Cho (X, D, K) la khong gian kiéu-métric; F,T : X — X la hai dnh
za va @ : [0,+00) X [0,+00) = [0, +00) la ham s6 théa man cdc diéu kién

(1) F(X) la khong gian con day di cia X.

(2) ® lién tuc va ®(t,0) = 0= ®(0,t) vdi moi t € [0, +00)
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(3) Ton tai cic hang s6 M > 0, A\, \s € [0,1) sao cho vdi moi v,y € X,

D(Tz,Ty) < ao(m,y)q)(D(Fx,Tx),D(Fy,Ty)>—I—%[al(x,y)D(Fx,Fy)

CLg(l', y)
K

tas(z,y) (D(Fx, Tz) + D(Fy, Ty)> n (D(Fx, Ty) + D(Fy, T@)]

trong dé a; = a;(z,y), i = 0,1,2,3 la cdc ham s6 khong am va

M
At

IA A

ao (2, y)
as(w,y) + az(z,y)
()

ai(x, )—1—2 Ag.

IN

(4) F, T tron yéu va tuong thich yéu ngau nhién.

Khi do

(1) F va T c6 duy nhat diém bat dong chung trong X.

(2) Bai todn diém bat dong chung cia F,T c6 tinh dat chinh (well-posedness).

(3) Néu F lien tuc tai diém bat dong chung thi T ciing lién tuc tai diém do.

Chitng minh. (1) Vi F' va T tron yéu nén ton tai day {z,} trong X sao cho

lim D(Fz,,Tx,)=0. (1)

n—oo

Véi moéi n € N, dat y, = Tx, vd 2, = Fx,. Ta sé ching minh {y,} va {z,} la cac
day Cauchy. Stt dung gié thiét (3), ta c6

D(ym ym) -
<
<
<

Vi vay,

D(Tz,, Tx,,)
1
o(xp, )@ D(Fzp, Txy,), D(Fxm,Txm)> + E[al(mmxm)D(FIn,Fxm)

+as(zp, T, (D Fzx,, Tx,) —i—D(Fxm,Ta:m))

(}x{, y) (D(Fxn, Ta,) + D(Fam, Txn)ﬂ
o(Tn, ) (D (Fx,, Tr,), D(Fxm,Txm)>
e (D Fan, Tay) + D(Txn, T) D(Ta:m,Fxm))

+
(D Fan, Tn) + D(Fpy, ) )
( D

( Fan, Tn) + D(Tn, Tm) + D(Fry, Ttm) + D(Tipn, T:vn)>
as(x,
ao(l’n, Im)q) D<Zm yn) D(ZTTH ym)) + <6L1 (ZEn, xm) + 2%) D<ym ym)
(l’n, :L‘m) Cl,g(ZE, y)

K K ) <D<Zm yn) + D(yma Zm))

Mo (D(Zm yn)v D('va ym>) + /\QD(ym ym> + ()‘1 + )‘2) (D(Zm yn) + D<ym7 Zm))

—|—< (T, Tn) +

0 < (1=22) Dy y) < MP( Dz, ), Dlms ) ) +Oa22) (D Y +-DGrs ) ).
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Cho n,m — +oo trong bat dang thiic trén, st dung va diéu kién ® lién tuc tai
(0,0), ta dugc
lim  D(Yn, ym) = 0. (2)

n,m—-+o0o

Do d6 {y,} 14 day Cauchy. Stt dung Bo dé VA ta duge {z,} la day Cauchy.
Vi F(X) day di nén ton tai y = Fv € F(X), v € X sao cho

lim y,= lim z,=y= Fu. (3)

n—-+o0o n——+00

Tiép theo ta sé chitng minh y 14 gia tri trung duy nhat ctia F' va T. Tru6c hét, ta
ching minh Tv = Fv, tic 1a, D(Fv,Tv) = 0. That vay, stt dung gié thiét (3, ta c6

D(T:cn,Tv)
< g, <D Frn, T, D(FU,T’U)) ;{,[al(:cn, ). D(Fan, Fv)
Fas (i, v (D Fz,,Tx,) + D(Fv,Tv )) 3<;’;’ Y (D(Fx,, Tv) +D(Fv,Txn))]
< ag(wn, v <1><D Fz,,Tx,), D(FU,TU)) + %D(F:pn,ﬂ))
MG )<D (Fin, Tn) + D(Fv, T )) + w<D(T0,FU) —|—D(Fv,an)>
f{"; %) (T, Fo).
Vi vay

Dy, Tv) < ag(, 0)®( Dz, o), Dy, Tv) ) + (2422 4 B20) Dz, )

22620 Dz, ) + (2522 + 28 D(y, Tv) + 265 D(y,, y)

< Mo <D(Zn7 yn)7 D(ya TU)) + )\QD(Zna y) + >\1D(Zn7 yn) + %D(ya TU) + AlD(yna y)
T do suy ra
liminf D(y,,Tv) < M® (hm sup D(zyn, yn), lim sup D(y, Tv)) + Aolim sup D(z,, y)
n—+oo n—+00 n—+o00 n—+00

A
+Alimsup D(zp, yn) + %hm sup D(y, Tv) + Mlimsup D(y,,y).

n—+00 n—-+00 n—+00
Ap dung B6 dé [1.3] trong bat ding thic tren, ta dudc
1 A
7Dy, Tv) < Z2D(y. To).

Vi A € [0,1) nén D(y,Tv) = 0, tic 1a D(Fv,Tv) = 0. Do d6, y = Tv = Fv hay v
la diém trung ctia F va T.

Bay gio ta sé chiing minh rang néu ton tai 2 € X sao cho 2z = Tu = Fu véi
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u € X thi z = y. That vay, tit gid thiét (2) va gid thiét (3)) ta co
D(y, ) = D(Tv,Tu)

1
ag(v,u)q><D(FU,Tv), D(Fu, Tu)) + 174 [al(v, u)D(Fv, Fu)

IN

az(v,u)

+as(v,u) (D(Fv, Tv) 4+ D(Fu, Tu)) + It

00

(D(Fv, Tu) + D(Fu, Tv)ﬂ

1
= §<a1(v,u)+2
< AQD(?J,Z)

Vi, €]0,1) nén D(y, z) = 0, tiic 1a y = z. Vay y 1a gié tri tring duy nhét cia F va
T. Tiép tuc st dung Bo dé|1.5/ta dudc y 1a diém bat dong chung duy nhéat ctia F va T.

(2) Goi y la diém bat dong chung duy nhat ctia F va T. Gia stt day {z,} trong
X thoa méan
lim D(x,,Tx,)=0= lim D(z,, Fx,). (4)

n—-+o00 n—-+o0o

Ta can ching minh lim D(x,,y) = 0. That vay, ta c6

n—+oo
1
0< DTz, Fz,) < 17 [D(Txn,xn) + D(zy, Fxn)]

Cho n — +oo trong bat ding thiic trén va st dung , ta dugc

lim D(Tx,, Fzx,) = 0. (5)
n——+o00
Tuong tu nhu trong ching minh (1), véi mdi n € N, dat y, = Tx, va z, = Fux,.
Khi d6 {y,} va {z,} 1a hai day Cauchy. Vi F(X) day du nén ton tai x = Fv, v € X
sao cho lim z, = z. St dung va Bo dé , ta dugc

n——+o0o

lim Tz, = lim Fz,=ux. (6)
n—-+o0o n—-+o0o

Tuwong tu nhu trong ching minh ctia (1), ta ¢6 x 13 diém bat dong chung duy
nhat ctia F' vd T. Diéu nay suy ra x = y. St dung , va Bo deé ta dugc

lim z, =y hay hm D(z,,y) = 0.

n——+0oo

(3) Goi y 1a diém bat dong chung duy nhat ctia F va T. V6i mdi day {u,} ma
lim w, =y, ta can ching minh lim 7w, = Ty. That vay, tit gid thiét . va gia

n—-+o0o n—-+o0o

thiét ., ta co
D(Tuy,y) = D(Tu,, Ty)
1
D(Funa Tun>7 D(Fya Ty)) + ? [al(una y)D(Fun7 Fy)

IN

Clo(um y)CI)
+a2 Un, Y

1
= ao(un, »)®(D(Fu, Tn), D(y,y) ) + = | @1 () D(Futy, )

K
a3(v, U)
K

+as(tn, y) | D(Fup, Tu,) + D(y, ?J)) +

(
)(D(Fuw, Tun) + D(Fy, Ty) ) + W(D(Funfy) + D(Fy, Tu,))|
o
< (D(Fun, y) + D(y, Tun)>]
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1

= E(Ch(unay)—i— K

%(“ﬂum y) + a3(;}<’ U))D(Fum v)

+as (U, y) <D(Fun, y) + D(y, Tun)> + %@‘U)D(y, Tuy,)

+ as(Un, y))D(Fuy, y) + (az(un, y) + %)D(y, Tuy,)

as(v,u) az(Un, y)

K

az(un, y)
KQ

) D(Fun, ) + D(Fuy, Tuy) + Dy, Tu,)

IN

(CLI(unJ y) Clg(un, y)
K K?

< (Al + )\2>D(Fun, y) + MD(y, Tuy).

IN

Diéu nay dan dén
0<(1=XM)D(Tup,y) < (M1 + A2)D(Fup, y). (7)

Chon — +oo trong (7)) va stt dung tinh lién tuc cia F tai y, ta duge lim D(Tu,,y) = 0.

n—-+o0o

Vay lim Tw, =y hay lim Tw, =Ty. O]
n— o0 n—-+oo

Hé qua 2.2. Cho (X, D, K) la khong gian kiéu-métric va F,T : X — X la hai dnh
za théa man cac dieu kién sau

(1) F(X) la khong gian con day di cia X.
(2) Ton tgi o >0, B €[0,1) sao cho vdi moi z,y € X,
min{D(Fz,Tx), D(Fy,Ty)} + D(Fz,Tz)D(Fy,Ty)

D(Tz, Ty) <
(Tw,Ty) < a I+ Diz.y)

B
| gD(Fx,Fy).

(3) F\T tron yéu va tuong thich yéu ngdu nhién.

Khi do

(1) F va T c6 duy nhat diém bat dong chung trong X.

(2) Bai todn diém bat dong chung cia {T, F} c6 tinh dat chinh.

(8) Néu F lien tuc tai diém bat dong chung thi T ciing lién tuc tai diém do.

Hé qua 2.3. Cho (X, D, K) la khong gian kiéu-métric va F,T : X — X la hai dnh
za théa man cic diéu kién sau

(1) F(X) la khong gian con day di cia X.
A ; 2r iy .
(2) Ton taip,q,r > 0,p+r <1,p+ % < lsao cho vdi moi x,y € X,

D(Tw,Ty) < -D(Fx,Fy)+ L[ D(Fa,Tx) + D(, Fy, Ty)

,
e [D(Fx, Ty) + D(Fy, Tx)} :

(3) F,T tron yéu va tuong thich yéu ngau nhién.

Khi do

(1) F va T c6 duy nhat diém bat dong chung trong X
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(2) Bai todn diém bat dong chung ctia F,T c6 tinh dat chinh;
(3) Néu F lien tuc tai diém bat dong chung thi T ciing lién tuc tai diém do.

Nhan xét 2.4. Tu Dinh liHé qud va Hé qua néu chon K =1 thi ta
dugc két qud chinh trong [2].

Sau day, ching toi trinh bay vi du vé diém bat dong cho anh xa tron yéu trén
khong gian kiéu-métric (X, D, K) trong dé6 D khong lién tuc va cling khong 14 mot
métric. D6 do, cac két qua trong [2] va [7] khong 4p dung duge cho vi du nay.

1 1
Vidu 2.5. Cho X ={0,1,=,--+ ,—,--- }, ham D dugc dinh nghia nhu sau
n

2
( £
0 new r =1y
1 néux #y € {0,1}
) 11
D(ZL’,y): ‘x—y‘ néux#yE{O,—a_}amaHEQ
1 i
|3 néux%yé{l,ﬁ},nZl

va hai anh xa F,T : X — X duoc xdc dinh bdi

1 1 1 1
70=T1=0,T-=—F0=F1=0,F—=—
n 6n n o n

voi moin € N,n > 2. Khi do,

(1) D la mot kiéu-meétric khong lién tuc vor K = 3. Hon nida, D khong la mot métric
tréen X.

(2) Dinh lz’ dp dung dugc cho bai todn nay.
Chitng minh. (1) Xem [4, Example 2.2].
1
(2) Ta c6 D(Tz, Ty) = ED(Fx,Fy) voi moi z,y € X. Do do, chon ®(s,t) = st v6i

1 1
moi s,t >0va M =1\ =X\ = 7 ar(z,y) = =, ap(z,y) = az(z,y) = asz(z,y) =0

voi moi z,y € X thi gia thiét cua Dinh Ii dugc thoa man. Hon nita, cac gia
thiét con lai ctia Dinh 1i cling duge théa man nén Dinh 1i ap dung duge cho
bai toan nay. O
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